Abstract. Quadratic divergences are analysed using dimensional regularisation in gauge theories in general and the standard model in particular. We give a prediction (under dubious assumptions) that retell5 GeV and mn ~ 180 GeV.
Introduction
There has been some interest recently in the significance of the quadratic divergences generally present in renormalisable quantum field theories, especially in the context of dimensional regularisation. In dimensional regularisation, quadratic divergences manifest themselves as poles at unphysical values of the spacetime dimension (d) [1] . Following Veltman's work, various authors [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] explored the structure of quadratic divergences in theories in general and in the standard model in particular. Supersymmetric theories (without U(1) D-terms) are free of quadratic divergences, and one motivation for this work was the search for non-supersymmetric theories free of quadratic divergences [2, 3, 7] . The standard model, in fact, may be made so at one loop by imposing a single relationship between the top (m~) and Higgs (ran) masses [1] . In [7] we gave the two loop result for a general gauge theory, and mentioned that in the standard model case the result gives a condition on m, and mn incompatible with Veltman's one loop constraint. We also observed a remarkable relationship between the one and two-loop conditions in the general case, based on renormalisation group dependence of the one-loop constraint. We subsequently pursued possible extensions to higher loops, but in non-gauge theories only [9, 10] . We restricted ourselves to non-gauge theories partly for reasons of simplicity, but mainly because the treatment of gauge theories presents special problems. Our main purpose here is to elucidate these problems. Because other authors have considered [8, 12] the special case of the standard model, we feel it worthwhile presenting our results in more detail in this case. While there is definitely no simultaneous solution to the one and two loop constraints [7] , we show that requiring scale invariance of the one loop constraint leads to the "prediction" mt~ll5 GeV and mn~180GeV if strong interaction effects are ignored.
Our calculations reveal that dimensional regularisation and dimensional reduction lead to qualitatively different results, which raises the question of the universality of quadratic divergences. In the Conclusions we suggest investigating this further by rederiving the results using an entirely different regulator, such as non-local regularisation [14] .
Non-gauge theories
Within dimensional regularisation, the poles in d that characterise quadratic divergences in renormalisable theories in four dimensions occur at [1] d=4-2/L' where L'et~ and L' _<L and L is the number of loops. Thus at one loop there are poles at d=2, and at two loops poles at d=2 and d=3, and so on. We refer to the pole corresponding to L'=L (at L loops) as the leading pole; the others can be obtained from lower order calculations via renormalisation group identities. In [7] we calculated the residue of the leading pole (d= 3) at L= 2 for a general renormalisable gauge theory with scalars and fermions. We observed a remarkable relationship between this result and the one loop (d=2) residue. 
A2-Lvu
Here AL represents the L loop leading pole residue.
The one-loop fl-functions fl~) and fl~) are given by R iS equivalent to requiring A ~ = 8~ A ~ = 0; in other words that the one loop condition for absence of quadratic divergences be scale invariant. At L = 3 we found 1-8] a relationship analogous to (2.2); at L = 4 we were unable to discover such a relationship [9] , at least using fl-functions defined using minimal subtraction. It is possible, however, that such a relationship does exist if fl-functions defined according to some other scheme are employed. We do not pursue this idea here, but instead return to gauge theories, where subtleties occur even at lowest order.
Gauge theories
We consider a general renormalisable gauge theory, with Lagrangian
L= -Gu~+l 2 iTa.D~+ 89 dp)2_U(ci))
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where q~, T transform according to gauge group repre-
The one loop residue at d = 2 is given (up to an overall constant) by the expression [7] A l= (n-1)9 2 cl)ToAoA~ + U~a--2Tr(MM*) (3.2) where g is the gauge coupling.
In (3.2), n stands for the trace of the metric tensor: it arises from the "seagull" contribution to the scalar selfenergy and consequently is the dimensionality of the #-index of the vector field W,. The question arises as to whether it should be set equal to 4 or to 2. This problem was addressed by Veltman [1] in his original discussion of quadratic divergences in the context of the standard model. He concluded that although conventional dimensional regularisation [15] (DREG) leads to n = 2, the appropriate choice was n =4. This preserves the number of gauge degrees of freedom and hence respects supersymmetry; it corresponds to the use of regularisation by dimensional reduction (DRED) [16] . Supersymmetric theories (which are quite generally free of quadratic divergences [17] ) indeed satisfy the equation A1 = 0, with n = 4 (not n=2). [En passant, this raises the following issue: imagine that supersymmetry were yet to be discovered. Could one have chanced on it by seeking solutions to the equation A 1 = 0? Evidently only with the choice n = 4; that is, by use of a regularisation that preserves the undiscovered symmetry! This is reminiscent of the analysis of finite supersymmetric theories, where finiteness is not manifest if DREG is employed.* The existence of finite theories can, however, be inferred (from the DREG re-* For a review and references see [18] 
where T(R)6AB= Tr(RAR B) and C2(G)6A~=fac~ ~cD.
As before DRED corresponds to n = 4 but now DREG corresponds to n = 3.
It is straightforward to evaluate 
+ g 4 [(2n 1) T(O) + 4T(t)-(n + 21) C2(G)1epr02r
(3.8)
If we set n=4 (corresponding to DRED) in both (3.5) and (3.8), then
A2 -Ala = -494[T(O)-2T(t)+ZCz(G)]~r02~. (3.9)
This mismatch is a direct consequence of the e-scalar problem discussed above. Indeed, it is easy to see that LJ 2 --A~ ~ is proportional to the e-scalar component of the vector boson self energy. Thus the absence of full fourdimensional gauge invariance engendered by the use of DRED is apparently associated with a breakdown in the relationship between quadratic divergences and scale invariance suggested by (2.2). We could recover (2.2) by modifying A ~ so as to include in it a term corresponding to the e-scalar self energy. The condition A 1 = 0 would then incorporate the requirement that the e-scalar self-energy be free of quadratic divergences. This is clearly artificial, however.
Use of DREG as advocated in [8, 12] would seem to be indicated, as then there are no e-scalars to worry about. However, this necessitates setting n = 2 in (3.8) and n = 3 in (3.5). Veltman's intuition (and ours) was that this is inappropriate since it misrepresents the number of vector degrees of freedom. Interestingly, there is also no apparent correspondence between A~ and A2 in that case. Now with logarithmic divergences, one can connect results from different regularisation schemes by means of finite local counterterms; but it is not clear to us how to do this with quadratic divergences. In any event, it is clear that the question of whether a theory can be constrained to be free of quadratic divergences is a very subtle one in gauge theories.
The standard model
In this section we take the special case of the standard model. We believe it a priori unlikely that the standard model could be rendered free of quadratic divergences to all orders by imposing constraints among a finite number of parameters; nevertheless this topic has generated a certain amount of interest. Therefore we feel it worthwhile discussing the results of the previous section specialised to this case. However we take the DRED case only, for the reasons discussed in the previous section.
In the standard model quadratic divergences arise only in the Higgs self-energy* (modulo the e-scalar problem discussed in Sect. 3). The resulting pole residues are relationships among dimensionless couplings; they can, however, be translated into relationships among particle masses, by multiplying by an appropriate power of the Higgs vacuum expectation value. (We ignore the question of radiative corrections to the masses, and the distinction between renormalised and physical masses).
The result for A1 is [1]
* This is true if we work in the symmetric phase of the theory. Working in the broken phase, one can instead consider the Higgs tadpole. This seems to us to introduce unnecessary technical complications, however mg m,
where H= m-~, ~, T=~2 anu Ow is the weak mixing angle.
(Contributions from the other quarks and leptons are ignored.) It is indeed tempting to set A ~ = 0, as envisaged originally by Veltman. Fashionable values of mt and mn emerge, for example if me ~ 125 GeV then mu ~ 205 GeV. It is intriguing that for large me, mn we have mn slightly less than 2mr [6] .
From ( This serves as an excellent check of our general results (3.5) and (3.8). We outline this calculation in the Appendix. Neither A 2 =0 nor A~ =0 can be achieved for any value of T. If we permit ourselves to delete the contribution involving ~3, then one still cannot achieve A z = 0, but AII =0 for mt~ 115 GeV and correspondingly from (4.1) mn~ 180 GeV. Thus requiring simply that the one loop condition A ~ = 0 be scale invariant leads (if the e3 term is ignored) to unique predictions for both top and Higgs masses! How seriously should we take this? The mismatch between •2 and All may be resolved by use of a more "suitable" regulator in the calculation of A 2. The opportunistic neglect of the ~3 term is harder to justify, and there remains the question of higher order contributions. We are not disposed to attach a great deal of significance to our "prediction"; others may differ. It would certainly be interesting, of course, if mt and m~ (when known) happen to satisfy A 1 = 0; new physics might then enter to ensure All = 0. This is Veltman's original mise-en-sc6ne [1] , and we are attracted by it, with the following reservation. The obvious tries at "new physics" not affecting A~: for example a gauge boson coupling to the fermions but not the Higgs, or fermions with SU2 x U1 quantum numbers but no Yukawa coupling to the Higgs, change A~I in such a way as to leave the relations A ~ = A11 = 0 still incompatible.
Conclusions
Supersymmetric extensions of the standard model retain interest largely because they render it insensitive to physics from higher mass scales: they are natural. This is founded on the absence of quadratic divergences from supersymmetric theories without D-terms. We originally hoped that there might exist nonsupersymmetric theories that were free of quadratic divergences and perhaps natural, but have not been able to provide convincing evidence for this. We did, however, find an interesting correspondence between a theory's quadratic and logarithmic divergences. With dimensional regularisation, this correspondence is clear in non-gauge theories [9] .
In the gauge theory case the different results obtained using DRED and DREG raise the question as to whether quadratic divergences, when present, can really be characterised in a meaningful way. One can speculate, for example, that a regulator which preserved both gauge invariance and supersymmetry might remove the discrepancy between A 11 and A 2 described in Sect. 3. A possibility worth examining is non-local regularisation [14] .
The suggestion that the standard model might, for specific mt and mH, be free of quadratic divergences to all orders seem to us most unlikely. Nevertheless we consider the possibility, and conclude that no consistent solution is possible through two loops unless the strong interaction contribution to the Higgs self-energy is ignored. We see no convincing reason to do this: but if it is done, then m, ~ 115 GeV and mH ~ 1 80 GeV. Of course it would be most interesting if these turned out to be close to the physical values. [Other approaches to predicting these masses in an unaugmented standard model are, for example, to demand finiteness of the radiative corrections to the masses [21] , or to determine them via coupling constant reduction [5, 22] . We find these approaches also, perhaps, a touch optimistic.]
In conclusion, we feel that the most interesting aspect of this work remains the relationship between the twoloop quadratic divergence and the scale dependence of the one-loop quadratic divergence. Although this relationship appeared to break down at four loops in non-gauge theories [10] , it is very possible that this was due to ambiguity in the fl-functions themselves; the fact that a transcendental number (~(3)) first appears at this loop order is suggestive. In any case further study of quadratic divergences may lead to a better understanding of their structure and role in determining the sensitivity of theories to new physics.
